INVARIANTS OF SYSTEMS
OF LINEAR DIFFERENTIAL EQUATIONS

BY

E. J. WILCZYNSKI

The theory of the invariants of a single linear homogeneous differential
equation rests upon STAECKEL’S theorem, that the most general point-transfor-
mation which converts a general homogeneous linear differential equation of
the m-th order (m > 1)

dm dm—l
(1) aw—Z+P1(w)(h—m_?{+n-+Pm(w)y=0,

into another equation of the same form and order, is

(2) e=f(), y=ng(),

where f(€) and g(£) are arbitrary functions of £.*

Those functions of P,, P,, ---, P_ and the derivatives of these quantities,
which are the same for the equation (1) and for any equation obtained from (1)
by a transformation (2), are called invariants of (1). Functions having this
invariant property and containing also y, dy/dx, etc., are called covariants.
The investigation of such invariants and covariants has led to many new and
interesting results concerning the equation (1). This theory is associated with
the names of COCKLE, MALET, LAGUERRE, HALPHEN, BrioscH1, ForsyTH, and
others.

The author has recently shown that the most general point-transformation,
which converts a system of n homogeneous linear differential equations into
another of the same form and order, is

® = =A8): 1=l (k=1,2, o, m,

where f(£) and a,(£) are arbitrary functions of £, and the determinant |a,(£)]
does not vanish identically.t

We shall consider, in this paper, those combinations of the coefficients of a
system of linear differential equations which remain invariant when the system

*Crelle’s Journal, vol. 111.
t American Journal of Mathematics, January, 1901.
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is transformed by the above transformation (3). These transformations obvi-
ously form an infinite continuous group, and we shall employ LiE’s theory
throughout, as has been done in the case of a single differential equation by Dr.
Bouron.* We shall not, in this first paper, pay much attention to the appli-
cations of the theory, nor give more than a passing mention to covariants.

§ 1.. Finite transformations of the dependent variables.

We shall at first confine ourselves to the transformation of the dependent
variables. Those functions of the coefficients of the system which remain in-
variant for all such transformations, may be called seminvariants. These are
of considerable importance in themselves, and besides furnish the basis for the
theory of invariants under the general transformation.

Let the given system be

m—1 n

(1) y(im)+;kz_1piklyg)= (=1, 2,---, n),

and let this system be transformed by the equations

(2) yk= ); ak)\(w)nA (k=1, 2) B} ”)’

where a,,(x) are arbitrary functions of 2, and where the determinant
|a7‘)\(w)l (k,2=1,2, ---, n),

does not vanish. As usual we denote derivatives by accents. Then we have
from (2)

®) v = ( )aBni=? k=1, 2,, n51=0,1,2-,m),

,\—1 p—0
where in general ( p) denotes the coefticient of 2* in the expansion of (1 + x)'.
Equations (1) then become

n m—1 =n n 7
@ Z“‘*”w + 2 5 (e + T X 2 3 (o) pasiini= = 0
A=1 p=1 1=0 k=1 p=1 g=0

(i=1,2, -+, n).

The coefficient of % in the double sum is

m
(m—v)
(m—v Giw o

and in the quadruple sum, the coefficient of 7{ is

*American Journal of Mathematics, vol. 21, no. 2, 1899.
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z:: [(S)I)f"va'ku + (V -|]-_ 1)pi,k,y+1a;cl,2 + -

k=1

i e,

n m—l—yp 1/+ T -
Z Z ( T )pi,k,v+‘rakp. .

k=1 =0

Thus, from (4) we obtain

n n  m—1 m
®) 2ean™ + ; 2 [(m ") e

n m—l—y

+2X X ("t"’)fh,k,v+7a§&)]=0 (i=1,2,--,n),
k=1 7=0

or if we put

(6) A = |a,| (1,2=1,2,---,n),

and denote by 4,, the minor of a,, in this determinant,

n m—1 n
(7) A"I,(\m) + Z Z "75;") Z Ai/\ [( m T_ ,,) aé’:‘“")

n=1py=0 i=1
n m—l—y
14 T
+l; Z_%( -:.- )Pt,k,y+7“$&)]=0 (A=1,2,.--,n).
If then we write this system in the form
m—1 n
(8) ﬂg\M).{' Z Z"",\,n"?ff) =0 (A=1,2,--",n),
v=0 p=1
we have
- m (m—v) e v+ T (7)
9 Am,, = iZ_IAn (m - v)“i“ + 21 720 ( T )Z)i,k,v-i-‘raky
(A, p=1,2,---,0;v=0,1,---,m—1).

Thus, if (1) is transformed into (&) by transformations (2), the relations be-
tween the coefficients of (1) and (8) are the equations (9).

Equations (9) represent an infinite continuous group, isomorphic with the
group represented by equations (2). For to every transformation of the latter
group corresponds one of the former, and they obviously have the group prop-
erty. Both groups can be defined by differential equations, so that L1e’s theory
of infinite groups may be applied.

§ 2. Infinitesimal transformations of the dependent variables.

We proceed to consider the infinitesimal transformations of our infinite group.
The variables v, , y,, - - -, y, will undergo the most general infinitesimal transfor-
mation of form (2) if we put
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(10) a @) =1+ ¢ (x)0t, ay(x)= ()5
(i+k)7 G, k=1,2,---, n),

where 8¢ is an infinitesimal and the ¢,’s are arbitrary functions of . We
wish to find the corresponding infinitesimal transformations of the coefficients
P+

Neglecting infinitesimals of order higher than the first, we find

1+ ¢118t ¢128t’ Tt ¢’1»8t

st 1 St 9 "% 8t
(1) Ao Pad 1+da P =14 (u+ bt -+ 6,00,
¢n18t’ ¢’ St, oy 14 ¢vm8t
and similarly
(12) {A“ =1 + (¢ll + ¢22 + -+ ¢1m - ¢u)8t ?
Ak; = - ¢'.'k8t Gk k)

Substituting these values in (9), we have

n m—1—y

A= 3= 080 ()7 ) #8435 (V) bt

k=1 =

+pi;w] + [1 + (4’11 + ¢22 + -t ¢nn)8t] [(m”i v)¢§7;—v)8t

n m—1—p

+E E (v+T)PA k,v+1¢;¢ St-}-p,\“,],

k=1 7=0
or

A"r)\p.v = po\pv - ;¢)\ipiuv8t + (myf_ l/) ¢1(\’:—v)8t
(1) ,
n m—1l—y v + .
+ 3 2 (T ) P28+ P (b + b -+ 6,05

k=1 =0
Dividing by A =1+ (¢, + --- + ¢,)8, and denoting the infinitesimal
difference m,,, — p,,, by p,,,, we find

&
fm —_ 2 (¢k,¢pz\kv -_ ¢;\;,Pk,w)
14)

n m—l—vy

+2 2 (V+T) kuPA,k,v+f+(mm )"’(m_")

k=1 7=1

*A,p=1,2,--,n;v=0,1,2,---,m—1).
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These are the required infinitesimal transformations of p,,,. Those of p;,,,
Prnys etc., may be obtained from (14) by differentiation.

§ 3. Calculation of the seminvariants for m=n=2.

The complexity of the general problem is so great that it appears wise to
limit the further discussion in this paper to the very special case m=n=2.
This will throw considerable light on the general case.

Let us put, in this case, for abbreviation

Pa,p,m—1 = Pap1 = Prp s Pru,m—2=P apo = Uu>

15) Vs K/ I
K=P"“’ ap PA“, a—q}\—“= qu’ ete.
We have then, from (14),
Sp)\“ = Z (PruPrr — PrePry) + 201, 5
16 SPM = 2
(16) 1 Z (PruPre — Prrlrn + P Prr — Prrlra) + 262,

&
—q)“& = Z (Pruqre — Prsan) + Z br Prt+ B50
Now if f'is a seminvariant depending only upon p,,, P, ¢, We must have
(17) )‘Z:(Pl\uap)\p. + -P;,LSP;M + Q,\,LSQA,L) = 0
y B

for all values of ¢, ¢/,, ¢7:. Putting the coefficients of these twelve arbi-
trary functions equal to zero, we obtain the following system of partial differ-
ential equations for such seminvariants :

2P;: + Qrc =0 ’
2
(18) 2Pn + );(pArP},\a _paAP;'A + P Qz\i) =0 9 (r, s=1, 2).

2
; (pMPAa — Pl + P Lrs — PLrr + 00 Qoo — Qm) =0.

This is a complete system of twelve equations with twelve independent vari-
ables. But there are two relations among them, so that we shall have two in-
dependent solutions, i. e., two independent seminvariants containing only the
variables p,, , p1. 5 Q.-

The first four equations of the system tell us that the quantities p;, and ¢,
can occur only in combinations

2p 1,'0 - 4Qr: °
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The next four equations, written separately, are
2P, + (pu—Pu) Py + PPy — P1y) + Py @ + 0 @ =0,
2Py + puly — PP+ Pu@u+ Pu@u=0,
2Py + pull — Pl + Pu@ + Pu@n=20,
2Py + (Pn — )P + Pu(Ply — Py) + Py @u + P @ = 0.
They show that the only possible combinations of p , , p.,, ¢, are

(19)

uy = 2p;, — 49, + Pl + PruPas
Uy, = 2, — 49, + P1o(Pu + P »
Uy = 2py — 49y + PPy + Pn)»
Uy = 23, — 495, + Doy + PraPar»

(20)

so that the seminvariants, here considered, are functions of w, , u,, u, , u,
only.
The last four equations (18) are

U, = (pu — PP+ Pa(P — Pr) + (P11 — o) P,
+ Pp(Pe — Pp) + (2 — 220) Qs + 2a(@e — @) =0,
U,= puPy—puPy+puPun—piPiu+ 0u@n— 0:@:=0,
Uy= puPu—puPo+pulPl—puPun+ 0@ — @=0.
U, = (P — PP + 2Py — Pp) + (13 — P1) P
+ (P — Po) + (€ — 0) @ + 91:(Qu— @) =0,

with the obvious relation

(22) U+ U,=0.

(21)

But there is another relation between these four equations and the other eight,
these latter being themselves obviously independent. If we compute from them
P_ and P, and substitute the values of these quantities, thus obtained, in (21),
that system becomes

(g — %g3) @ — (@ — €)= 0
(23) — (U — ) @y + (@ — @) = 0,
Uy le — Uy QZI =0,

where the last equation is a consequence of the other two.
The two independent solutions of this system are




1901] OF LINEAR DIFFERENTIAL EQUATIONS 7

(24) T=uy + Uy =y — Uy,

and these are the seminvariants required.

Let us proceed to obtain next those seminvariants which contain also the
quantities p}, and ¢;,. They must satisfy the following system of partial dif-
ferential equations :

(@) 2P, + @, =0,
2
(b) 2P;.8 “+ Q,., + ); (p,\rP):a - Pm-'P’r:\ + pArQ:\ﬁ) =0 ’

(25) (c) 2P, + g (2arPrs — PanLrn — 2pon By
. + G @Qhe — 2 @r + P2 @a) =0,
@) X (PwPou = PP+ PiPru = PuPon + P P
— P+ G @re — 4@ + G Qs — 90 Q) =0,

among which there is one relation. Thus there are 15 independent equations
and 20 variables. There are therefore five seminvariants satisfying these equa-
tions. Of these we already know four, namely, 7, J, dZ/dx, d.J;dx, which are
obviously independent.

Let us put ,  du, ‘
Uy = d—a;k , ete.
Then, since according to (20), we have
2
(26) Uy = 21);1‘ - 49.‘1; + jz_l PyPis
therefore ‘
2

(27 = 2p7, — 4¢,, + ?_;l (ng;k + p;jpjk) .

It will be easily proved from equations (25) () and (b) that our seminvari-
ants are functions of the twelve arguments

(28) Pas Uy U
Denoting the left members of (25) (c) by Q,---Q,, so that
Q=2P +..., Q,=2P,+---, Q,=2P, +---, Q,=2P,+---,

we find .
(29) Oy(uy) = Qyuy) = Qyu,) = Q(u,) =0,

Qp) =2, Qpy) =0, Q(p,)=0, Qp,)=0,
Qp) =0, Qpp)=2, Qpy) =0, Q(p,)=0,
Q(pn) =0, Qpn)=0, Qp)=2, Q(p,)=0,
(Pn) =0, Qpy) =0, Qp,)=0, Q(py) =2,

(30)




8 E. J. WILCZYNSKI: INVARIANTS OF SYSTEMS [January

and
Q(u,) =0, Qy(uy) = — %,
‘Q's(u{l) =+ U, 9'4('“;1) =0,
Q,(uy,) = — uyy, Q,(uyp) = vy — Uy,
(81) Qy(uy,) =0, ‘0'4("‘;2) =+ Uy,

Q (uy) = + uy, Qyuy,)=0,

Q) = — (g — u) > Q) = — g,
Q,(u,) =0, Q(up) = + uy ,

Qyug)) = — wuy, Q,u,)=0.

From these equations it is easily seen that the eight independent functions of
the arguments (28) which verify the equations Q, = 0, are the quantities v,

and
7
Oy = 2uy + Py — Puys

V3 = 20y, + (P — Py — Prg(%yy — %) s
Uy = 2“;1 - (Pn _pzz)uzl + pZI(ull — Uy)
Vyy = 20y — Pty + Pyylthyy -

Denoting by X, ---, X, the left members of (25) (d) we find :

(32)

X(oy) =0, Xy(oy) = — Vy»
- Xy(v) = + vy, X (v,) =0,
X (v) = — vy Xy(0) = v, — vy,
(33) Xy(vy,) = 0, X ()= + vy>
X\(vy) =+ vy Xy(v) =0,
Xy(vn) = — (v — o) X (v3) = — vy,
X,(vp) =0, X (V) = + vy
Xy(v) = — v, X (vy) =0,

the equations for X (u,), etc., being precisely of the same form.
From (33) we find that

vy + v, and Vv, — v,

are solutions of the equations X, = 0. But
(34) v, + v, = 21",
while
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(35) K = v v, — o0

127219

is obviously a new seminvariant, independent of 7, J, dl/dx, dJ/dx .

If we should now write down the differential equations satisfied by the semin-
variants involving p® and ¢ besides the quantities already considered, there
would be twenty such equations with only one relation between them, and
twenty-eight independent variables. Herice there must be 28 — 19 = 9 such
seminvariants. But we know eight of these, viz.:

(36) I, r,1r; J,J,J; K, K';

these are independent, for it is easily seen that from the existence of a relation
between them would follow the existence of a relation between 7, 17, J, J*, K.
But these quantities were independent.

We can obtain the ninth semivariant without writing down and integrating
the last mentioned system of twenty equations. The process which we shall
employ is much more instructive, and is capable of generalization.

‘We notice first this theorem : the quantities v, and v,, are cogredient.

This follows from equations (83), together with the corresponding equations
for X,(u,), as well as from the following formule, which express the infinites-
imal transformations of u, and v,. It will be found from (16) and (20), that
Su

1
oSt = ¢21uxz - 4’12“21 ’

ou
—gtg = (¢22 - ¢11)u12 + <1’12(%1 - u22) ’
37) 5
%
S—tn = (¢’11 - ¢22)u21 + ¢21(u22 - u") ’
Su
. _Si} = ¢21u12 + b1y s

and from (16), (32), and (37),

o

_S,tll = ¢21”12 - 4’12”21 ’

v,

ot (0 — D)V + (v, — Vs)
(38)
dv,,

oSt T (¢u - 4’22)”21 + ¢21('022 - 'Uu) ’

)
_8_22 = — ¥y, + 150, -
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Now certain combinations of theu,’s and p,’s, viz. v, + v,, and v,;v,, — v,,v, ,

were seminvariants. Since the v,’s are cogredient w1th the u,’s, the same com-
binations with v, in place of u,, w1ll also be seminvariants.
Let us, thelefore, put
wy = 20, + PiVy — PayPins
2= 2v;; + (Pu — PV — PrfVn — V) »
wy = 20y — (P — PV + pzl('vu - 'vzz) ’
Wy, = 203 — PV + Pz

(39)

then we know that w,, + w,, and w w,, — w are seminvariants. But

12Wa1
Wy + Wy = 2(v;, + v,) = 41",

while

(40) L = w,w,, — w,w,

is the new seminvariant. That it is independent of the other eight can be easily
seen by considering the special case in which p, = 0.

‘We now have all the seminvariants, viz.: I, J, K, L, and their derivatives.
For, suppose we wish to find the seminvariants involving p) and ¢. They are
determined by a system of 24 — 1 = 23 independent equations with 86 inde-
pendent variables.. Therefore, there exist 36 — 23 = 13 such seminvariants.
But they are merely the 8 seminvariants (86) and L, I”, J”, K", L'.

Thus all seminvariants of the system (1) for m = n = 2, are functions of
the quantities I, J, K, L, and of their derivatives.

It is interesting to note what would be the result of continuing our above
process for obtaining seminvariants. Suppose we had formed

by = 2w, + P Wy — Py, e
Then would v ?

by — by = §1(%yy — Uyy) + §5(Vyy — V) + gy(wy — W) s
12 = G%z + 901y + F5Wiss
2 = G1%y T+ GVu + G50y 5

where g,, g, g, are seminvariants. .
For g¢,, g,, g, are the quotients of determinants of the third order formed -
out of the matrix

by — gy Uy — Uy, Uy —Vyy Wy — Wy
ligs Uy s Vyz Wy,
by s Uy s AR Wy |y
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and an account of the cogrediency of these quantities, such quotients are semin-
variants. In fact, the determinants themselves are seminvariants.

§ 4. An application of the theory of seminvariants.

The theory, developed in the preceding paragraphs, was first suggested by
the following considerations. Let ‘

dny dn-ly
(41) D(y)=ge+tpigga+ - +py=0
be a homogeneous, linear, differential equation, and let y,, ---, y, form a
fundamental system of (41), so that
(41a) D(y) =0 (i=1,2, -, n).

Suppose that the coefficients of (41) are uniform functions of 2, and let
x = a, be a singular point of one or all of these coefficients. If the variable
describes a closed circuit around this singular point a,, y,, ---, y, will, in
general, undergo a linear substitution with constant coefficients, changing into

n

?7,‘= 27\5,’:)3/, (k=1, 2, .-+, n),

=1

where the determinant [A\{#’| 3= 0. Denote this substitution by 4, , so that we
may write '

(42) Y= 4,9-
Now let us put in (41a)
(43) ?/k=zak,-’7.-=s"7;, (k=1,2v"')"),

i=1

Iaki! + 0 ’
and where a,; are uniform functions of 2z. Then 7,, ---, 7, will verify a system
of n linear differential equations, obtained from (41a) by the transformation (43).
This system is not a general system but has the special property that correspond-
ing to a circuit of  around @, , 7,, - - -, 7, undergo the substitution

8714, 8,

which is the transformed of A, by the substitution S, and has as its coefficients
uniform functions of x.

Conversely, if a system of n linear differential equations has this property, it
is obviously possible to find a substitution

where again the determinant

Y, = S,

which reduces it to the form (41a), or what amounts to the same thing, n linear
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combinations of 5, - -, 5, can be formed with variable coefficients which form a
fundamental system of a single linear differential equation of the nth order.
Such functions as #,, ---, 7, are a very special kind of what I have called A
functions.*

The question then arises: what are the necessary and sufficient conditions in
order that a system of linear differential equations may have the property in
question ?

In our particular case, m = n = 2, it must then be possible to transform the
given system into one of the form

(44) Yi +py; +qy.=0 (i=1, 2),

by a transformation of the form (43). The seminvariants of the given system
must therefore be equal to those of (44). But for (44) we have

(45) Pe=Pu=9=9%=0, Py=Py=0Py Gu=9u2=9>
so that

un=u22=2p'—4q+pz, u12=u21=0,
(46) V= V= 2u,ll ’ Vyp = Uy = 0 9
wy, = w,, = 20, = 4uj, w, =w, =0,
whence
47) I=2u,, J=ul, K=4w,)}, L=16(u;).

‘We have then in this case the relations:

2 2 2
(48) I'—4J=0, K— (%) =0, L—4("dl—a§) —0.

As will be seen from the expression deduced for the invariants in §5, all of
the invariants vanish in this case.

But the vanishing of all of the invariants, or even the fulfillment of the equa-
tions (48), while necessary, are not sufficient conditions for this case. The
conditions (46) however, from which the others were derived, are both necessary
and sufficient. It suffices to write down the system of invariant equations

(49) Uy — Upy=0, w,=u,=0,

for the other equations (46) follow from these.

That the conditions (49) are sufficient follows from the results of §6. It
will there be shown that every system of linear differential equations of the sec-
ond order can by a transformation of the form

(50) Yi=aym + a,n, (i=1, 2),

*American Journal of Mathematics, vol. 16, No. 2, 1899.
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be reduced to a form called the semi-canonical form. The result of this reduc-
tion in general is the system (82), which in our case reduces to

(51) 77:, = i‘ullni (i=1’ 2) )

i. e., 7, and 7, satisfy the same linear differential equation of the second order.
Thus we have seen that a system of the form

(52) i+ P+ P + 9t + 9ty =0 (i=1,2)

can, by a transformation of form (50), be reduced to the form (44), if and

only if the conditions (49) are Julfilled. In that case, the integration of the

system (52) is equivalent to the integration of a single linear differential equa-

tion of the second order. The invariants are all zero, and by a change of both

dependent and independent variables this equation may be reduced to the form
d*u

(53) 5 =0

§ 5. Calculation of the invariants for m =n = 2.

The invariants of our system must obviously be functions of the seminvari-
ants which we have already found. We shall therefore first investigate how
these seminvariants are affected by a transformation of the independent vari-
able x.

As before, let

(54) Yi + pa¥s + Piys + Qi + 9y =0 (i=1, 2),
be the given system. If we introduce the new independent variable

. g = E(w) ’
this system becomes
(55) Yo+ Ty + Ty, + Ky + Koy, =0 (i=1, 2),
where

py, ¥ Py Py Py, &
T =g tEngy T =g Ta= gy Tpup="fr + FN
(56) £ (&) 3 § g (&)
e = T
“=

For an infinitesimal transformation, we put

(57) Ex) =« + P(x)8t, 8x = P(x),

where &t is an infinitesimal and ¢(x) an arbitrary function. We shall then have
oy = (— ¢pu + ¢)%, &, =— ¢p,8,
(58) Opy = — ¢Pydt, Oy = (— ¢pn + ¢")3,
8q, = — 2¢'¢,8¢.
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If f is any function of x, and f’ its derivative, we have

= oL ) Vs L apy— ot (am)

or
(59) ¥ = L) — fE @)
Thus we find from (68)
oy, = (8% — ¢'py — 247p,,)%¢,
= (= ¢'Pp—2¢p,,)%,
= (— ¢'py— 2¢p,)%,
Oy = (9 — ¢'py — 2¢'py,)0t .
Therefore, making use of (20), (58), and (60), we find
Su, = (20° — 2¢'u, )0, Ou, = — 2¢"u, 5t
{&u21 = — 2¢'u,, 8t sy Ouy, = (20 — 2¢'u,,)dt.

(60)

(61)

Consequently we shall have, remembering the definition of 7 and J,
{8[ = (4¢® — 2¢'1)dt,
8J = (201 — 4¢'J )¢ .

In the same way we find

(62)

= (46 — 4¢"u,; — 3¢'v,,)d¢,
v, = (— 4¢"u,, — 3¢v,,)0t,

(63) r” ’

8"’21 = ("‘ 4¢ Uy — 3¢' vm)St )

Sv,, = (4¢™ — 4¢"u,, — 3¢v,,)0t ,
whence
(64) 8K = (8¢®I — 8¢"J" — 64/ K3t ,

after a slight transformation, involving equation (67) for J" .
We find further

= (8¢® — 8¢®u,, — 10¢"v,, — 4¢'0,)8t ,
S, = (— 8¢Pu,, — 104", — 4¢'w,,)3¢ ,
S, = (— 8O, — 10§, — 4¢'w,)o¢,

— (8¢® — 8¢®u, — 10¢"v,, — 4dw,)8¢ ;

(65)

whence follows
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(66) L = [32¢P1" — 16¢%(2J” — K) — 20¢" K" — 8¢'L]dt,
if it be noted that
Uy Vgy + Uy Uy — Uy Uy — Uy V= 27,
(67) 0 Wy + Vyp W, — VW, — VW, = 2K,
Wy Uy + Wy Uy — W, Uy — Wy, Uy = 2(2J" — K.

Let us now, by an obvious extension of the theory of invariants of a single
linear differential equation, assign to p,, the weight — 1, to ¢, the weight — 2,
while to p% and ¢} are assigned the weights — 1 — A, — 2 — u respectively.
Then it is easy to see that the following statements are true.

1. Ewery absolute invariant is isobaric in the coefficients and of weight
zero.

2. If an absolute invariant is a rational function of the coefficients and of
their derivatives, it is the quotient of two relative invariants of the same
weight.

3. A relative invariant is isobaric in the coefficients, and if the common
weight of all of its terms is — v, it satisfies the equation

(68) E(@)0,(6) = 6,(x),
or, for infinitesimal transformations,
(68a) 86, = — vd'(x)0,8¢ .

We shall speak of such an invariant as being of weight », rather than — ».
The negative weights have been introduced, following the example of ForsyTs,
principally because they have a decided advantage when we consider covariants.

The proof of the above three statements is essentially the same as in the case
of a single linear differential equation, and need not, therefore, be given.

It is now a simple matter to find the rational invariants of any assigned
weight, or else to establish their non-existence.

First, it is clear that no such invariants of weights 1,2, 8 exist. An in-
variant of weight 4 must verify the equation

00, = — 4¢’(x)0,8t.
The invariant is

(69) 0,=1I"—4J.
An invariant of weight 5 must be of the form

all’ + bI® + cJ"'.

We find that no such invariant exists, or that it vanishes identically.
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An invariant of weight 6 must verify the equation

8 ,
5 = —64'6,.

The most general expression of weight 6 is

O,=al®+ blJ + cK + dI® + eJ” + fII" + gI'z.
We find

88_0; = 8al(4¢® — 2¢'1) + bI2POT — 4¢'J) + bJ(4¢® — 24'T)

+ (80T — 84" T — 6¢'K)

+ d(4¢™ — 2¢O — 9$OT — 126OT" — 10¢"I® — 6¢' I®)
+ ¢(2¢00 + 40T + 2¢OT" — 4¢OT — 9¢"J " — 6¢’J ")

+ I3 — 240 — 54T — 4¢' ") + fT"(4¢® — 24'T)
+ 29T (4 — 2¢"T— 3¢'T"),

and this must be equal to —6¢’0, for all values of ¢, ¢, ---, I, I, .-, J, J,
..+, K. We find therefore the equations:

d=0, e4+2(f=0, 2¢+e+29=0, 6a+b—y=0,
b—e=0, 8 +9¢=0, 5f+4g=0,

whence
a=—1e, b=e, c=—%§e, d=0, f=—1le, g=3e.

Putting e = — 8, we find
(70) 0, = 2I(I* — 4J) + 5(KE —'T") + 4(K — 2J" + II").

There is no invariant of weight 7, and there are two independent invariants
of weight 8 , one of which is 6%, while the other is

0, = 143(L — 41"") — 54(I* + 4J)6, — 201"6, + 251'0, — 20610,
(1)
— 2069 — 902K — I'*) — 220(K" — 2I'I® — 2T").
We can easily find an invariant of weight 10, without going through this
general process. We have
dKE—1I"
8t

= 4¢"(IT' —2J") — 6¢"(K — I'?),

ST — 2 , T o
ML) o — a0y — b4 (I — 2T,
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whence eliminating ¢”, we find

8 :
= — 1046,

where

(72) 0, = (I*—4J)K—I")+ (II' —2J').

From any two invariants 8, and 6, , of weights A and u respectively, we can
always deduce a third. For we have

6x(§)  6x(x)
0:(8)  Ou(x)

an absolute invariant. Hence, by logarithmic differentiation,

0.6 0.9, _ 6@ 0.

{IJI BA(g) —* GM(E)} E o #.0)\(%) * 0;:.(%) '
Therefore

(13) Oy, .1 = 0,0, — 16,0,

is a new invariant of weight A + p + 1. Ttis called by ForsYTH the Jacobian
of 6, and 8, , in his theory of invariants of a single equation.

‘We thus obtain
0, =36,6, — 20,0,

U6 9

0,=260,0,— 69, ,

(74) 015 = 50100; - 204010 ’
&, =46,6, — 36,6, ,

0,=50,60,—300,,

019 = 50100; - 40:30;0 ’

from which still others can be derived. Of all of the invariants found so far
0,,6,,0,,80

are the only ones which involve no higher derivatives of p, than the third, and
no higher derivatives of ¢, than the second, or what amounts to the same thing,
these are the only invariants found so far which depend only on the seminvari-

10 ° 15

ants
(75) I, 1r,1r;J,J,J°; K, K'; L.

Moreover the invariants (T4) are not all independent. For instance we have
the syzygy

Trans. Am. Math. Soc. 2
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(16) 26,6

4717

+ 56,6, — 60,0, =0.

In order to obtain a@ll of the invariants depending only upon the semin-
variants (75), we write down the partial differential equations which such in-
variants must verify.

From the expressions for 87, 81", 81I”. &/, ete., 8L , we find that these
partial differential equations are five in number, viz. :

1 f laf 1 f f ’ f 2 f
Y. f= 213I+3131’+4I aI”+4JaJ+5JaJ’+6J 37

of . 9
+ 6K oo + TK o +8LaZ— 0,

— 27 or —5I o _ 4J of — 9" 55 or —8J 27

Yof=—25 o1 o a7~ 8 3k

7 af 'af
(17) R e
Y. f=4 f_zz"}:+215+01' af+2(I”—2J)af,,
: f ” U _
— 8J 55 — 162" — K) 57 =0,

af af Iaf 4 f " af
Vo f=d5p+ 2050 + 41 % + 81 37 + 81" 570 =

4 of of ) f
5f 4 I”+2IaJ”+SI +32I AT 0,

where ¥, f = 0 is obtained by equating to zero the coefficient of ¢ in Jf.

They are independent and, therefore, have 9 — 5 = 4 independent solutions,
i. e., there are four independent absolute, or five independent relative invariants.
We have already found four of these, viz.: 6,, 6, 6,,, 0 The fifth invari-
ant, found by integrating (77), is

10° 15 °

0= 0, [(I? — 4T)(L — 41" 4+ 4(II" — 2J" + K] —6;,}.

But this can be shown to be divisible by 6, , so that we may complete our system
of invariants by taking 6,,/0,, which is

(18) 0,y =0, (L —4I") + 4K — I"YIT" — 2J" + K)' — 04(1(' —orry
— 20K’ — 2I'I"YIT" — 2J" + K).
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§ 6. Canonical forms of a system of two linear differential equations of the
second order.

Our system of equations (54) can always be transformed into another which
contains no first derivatives, by a transformation of the form

Y= aym + ayn, (=1, 2),
where a,, are functions of . For, on making this transformation, we find
ami + agn; + (2a; + paay + Pugn)n + (2a5; + pady; + Patn)n;
(79) + (), + Paay + Paty + 9y + 4P
+ (€5 + Pasiy + ey + 2u®y + 2is®0)1, =0 (=1,2),
so that, if we take a, subject to the conditions

(80) [ @y == %(puau + D)y @ =— %(pua'lz + Do)

@y =— (P2 + Pua)> gy = — %(pzlalz + Pra)s
equations (79) will contain no terms in n; and 7,. The functions (e, a,) and
(@5, ay,) must therefore be taken as solutions of the same system of linear differ-
ential equations, viz.,

{ @ =— %(Pna +2,.0)>
(81)

B=— %(pzla + pzz'e)'

Moreover (a,,, a,) and (a,, a,) must be independent solutions of (81), for
otherwise the determinant

a . a a. . .a

nvezz — “12%a
would vanish. The functions a, can therefore be determined so as to effect the
desired result, by integrating (81).

If one makes use of (80) and the equations obtained from (80) by differentia-

tion the transformed system (79) becomes

(82) all"’; + alZn’Zl = %(allull + a21u12)771 + i’(a’muu + a22ul2)1’2 ’
@y + @y = §(@Uy + CnUy)M + (2 + BpUp), s
where the quantities u,, have been previously defined.

Thus every binary system of homogeneous linear differential equations of
the second order can be converted into another, involving no first derivatives,
i. e., into one for which p, = 0. We will say that this transformed system has
the semi-canonical form.

Suppose we have reduced a system to its semi-canonical form. Let us find
the most general sub-group G' of our general infinite continuous group G,
which leaves the semi-canonical form of the system unaltered.
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In the semi-canonical form p, = 0. Let us make the most general infinites-
imal transformation of the general group . The coefficients of the first deri-
vatives in the transformed system will be, according to (16) and (58),

{ Sp“ (2¢'11 - ¢”)8t’ 8Plz = 2¢;28t ’
81’21 = 2¢218t’ szz = (2¢;2 - ¢”)8t ’

for the infinitesimal transformations of the coefficients due to infinitesimal
transformations of both dependent and independent variables are equal to those
due to the transformations of the dependent variables alone plus those due to
the transformation of the independent variable alone.*

But for all of the transformations of our sub-group G’, these quantities
must vanish. Therefore must

¢';2= ¢;l = 0’ 2¢;1 - ¢” = 09 2¢;2 _.¢” = 07

or, if we denote by c, arbitrary constants,

{ 4)11 o '21‘¢” ¢12 = Cp3»
¢21 = Cy» 4’22 =Cy + '21'96”

so that the sub-group G’ depends upon 4 arbitrary parameters c,, and an ar-
bitrary function ¢'(x) .

We can determine a sub-group G of the:subgroup G, namely, that which
leaves q,, + q,, invariant.

We have, in the same way as above, according to (16) and (58),

3(qu + 9) = [2¢(qu + 220) + &) + #3]1%¢,

so that for this sub-group we have the further relation

(83)

(84) R+ 68 = — 2¢0(q + 22)»
or, using (83),
(85) ¢(2) (2) + 2 [011 + € — (¢11 + 4’22)](?11 + 922) =0,

a linear differential equation of the second order for ¢, + ¢,,. Its integration
introduces two arbitrary constants ; then ¢ is found from (84), and the quad-
rature

b= [ i
gives rise to a third constant. Zhus G is a seven-parameter group. We can
also represent G by (83), together with
(86) — Y =26 (g, + 92) »

* We have changed the sign of ¢(x), so as to make the infinitesimal transformation of the
independent variable harmonize with those of the dependent variables.
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an equation, whose integration gives rise to three constants. These together
with the four constants c;, are the parameters of the group.

The semi-canonical form of the system can be further simplified by the re-
duction to what we shall call the canonical form.

Suppose we have reduced our system by a first transformation to the semi-
canonical form

(87) Yi+ g+ 9= 0 (i=1,2).
If now we make the transformation
E=Ex), y,=Bym + Bun, (i=1,2),
we find

z‘z’h

zd
B g + Bt g

B+ 2B T+ B+ 28.8) T
(88)
+ (Bl + 2uBu + 2.8:0m + (Biz + 9By + 2:8p)0, =0 (1=1,2),

which is again in the semi-canonical form if

B.'),g, + 28:1,8, =0 [}

or
_
B"k - \/E—, ’
where e, are arbitrary constants, whose determinant does not vanish. Put
ep=¢xy=1, e,=¢,=0,
or
1
(89) By = 322“18=7£—T9 B =By=0.
Then (88) becomes
2 dz”?l r
BE EET + (B, + tu)nl + %26’72 =0 ’
(90)
g g 't P+ B+ 4P =0,
or
. 2 :
(o1) T+ Palh + P, =0 (i=1,2.

Now B can be determined that in (91), p, + p,, = 0 ; for this purpose it is
only necessary to take for 8 a solution of the linear differential equation

(92) 28" + (gu + g8 = 0.

‘We have proved the following theorem :
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Every system of linear, homogeneous differential equations of the second
order can be converted into a system having the canonical form

a
Zl_f% + Pam + P, (i=1,2),
where
Put Pe=0.

In order to effect this reduction, it is mecessary to integrate a system of
homogeneous linear differential equaticns of the first order (81), a single
homogeneous linear differential equation of the second order (92), and finally
to effect the quadrature

dac
€x)= ) =

This canonical form of the system corresponds to the LAGUERRE-FORSYTH
form of a single linear differential equation.

The sub-group of G which leaves this canonical form unaltered is especially
simple. It is the group G” for the particular case that ¢,, + ¢,, = 0, whence,
according to (86),

¢ =0, or =+ ux+ va?,
and from (83),
bu=cytiu+re, ¢,=c,,

¢21=czl’ ¢2z=czz+%"“’+”w'

The finite transformations of this group are

_ax+ B8 - Coyi + Oy, (i=1, 2).

®9) b= et " T mis

The functions called, by Forsyth, guadriderivatives are invariants for this
sub-group. If @, is an invariant of weight o, then

(94) b, ,=208,6, — (20 + 1)0.

is what FORSYTH calls the quadriderivative of 4 .
We find that for the general infinitesimal transformations of the general
group @,
80, , = — 25028t — 2(c + 1)$'0, 8t.

For our sub-group ¢ = 0, so that 6,  is indeed an invariant of the sub-
group. Its weight is 20 4 2.
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§ 7. Covariants.

‘We shall not treat of covariants in an exhaustive manner in this paper. It
will be sufficient to note a few simple theorems.

First we may observe that no absolute covariant exists which depends only
upon y,, y,, dy;/dx, dy,/dx, etc., i. e., which does not contain x explicitly,
and makes no use of the fact that y, and y, are solutions of (64).

For we have, taking infinitesimal transformations of the dependent variables
only,

&y, = (Puts + Py,

&y = (a9, + ¢.2y, + ¢>.lyl + ¢; 23/2)3"

B = (Bfe+ 65D o BB

But this group in 2m variables is always transitive. For if we take the
special case obtained by putting ¢, ¢.,, ¢7,, etc., equal to arbitrary con-
stants, the group becomes a finite 4m parameter group in 27 variables which is
a particular case of a general group of linear substitutions with mn? parameters
and mn variables. This general group has been studied by the author and was
found to be transitive.* Therefore the more general infinite group is also tran-
sitive, i. e., it has no invariants, and thus the theorem is proved.

1t is even impossible to construct functions z, and z, of y,, y, and of their
successive derivatives, not involving « explicitly, which shall be cogredient with
y, and y,.

For, if it were not so, from z, and 2z, could then be constructed a third co-
gredient set, say », and 7,, and the quotient

Y%, — Y&
Y, — Y

would be an absolute covariant of the form whose ndn-existence we have just

shown.
An infinite number of covariants, containing x explicitly, can be constructed
as follows. Put

Y=Y+ ¥y + DYy + G + Yoo
Y= ?7: + Padl + Py + 9u%h + b

Then y,, ¥, ete., are cogredient with y,. Therefore the determinants

3/1?72 - ?/2371’ yl??z - ?/237;, ete.,

*Proceedings of the California Agademy of Sciences, vol. 1, no. 6.
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are covariants. All of these vanish in consequence of the given system of dif-
ferential equations.
Their covariant property is expressed by an equation of the form

a.a, 6 —a.a
Clnsmy &) =gy O 4252),
where
= a,y, + ayy,, &=Eg) (i=1,2),

is the transformation of the variables.
Suppose we have reduced our given system to its canonical form. Then

hYs — Y

is a covariant of the sub-group (93) which leaves this canonical form unchanged.

To find all of the covariants of the system we could proceed as in the case of
the invariants by setting up the system of partial differential equations which
they satisfy. We might also construct functions cogredient with y, and y,.
The determinant of two such systems would be a covariant.
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